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Abstract
A simple method is presented, which allows us to construct several examples of non-weakly Whyburn product spaces. In par-
ticular, a partial answer to questions by Pelant et al. is given. Further, we prove that CpCp(X) being Whyburn implies X is finite,
solving thus a problem by Tkachuk and Yaschenko.
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The spaces we now call Whyburn were first introduced as accessibility spaces by Whyburn in [12]. During the
following 30 years, concepts of Whyburn and weakly Whyburn spaces appeared and disappeared repeatedly, under
various names. Then they became subject of an intensive study in context of pseudoradial and related spaces. For a
brief history, see [9].
Our topological notation is standard and follows [5]. An ordinal number is considered as the set of all its predeces-
sors; ωω stands for the set of all functions from and to ω = {0,1,2, . . .}. Further, N= {1,2, . . .} will be useful.
Definition. A topological space X is called Whyburn if for every non-closed A ⊂ X and every x ∈ A \A there is a set
B ⊂ A such that B \A = {x}.
A space X is called weakly Whyburn, if for every non-closed A ⊂ X there is B ⊂ A such that |B \A| = 1.
1. Counterexamples using products
In this section, if nothing else is stated explicitly, every space is assumed to be regular.
We shall extract a simple principle from an example by Gerlits and Nagy (first quoted in [7]), which showed
that products of “nice” radial spaces need not be pseudoradial. Namely, they proved that the product of the closed
unit interval with one-point Lindelöfication of the discrete space of cardinality ℵ1 is such. Simon [10, Theorem 2]
introduced their construction to the context of Whyburn and weakly Whyburn spaces. The principle will serve us to
produce several new examples, in particular to give a partial answer to questions from [9].
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∞ /∈ X, X is discrete and basic open neighborhoods at ∞ are all the sets
{∞} ∪ {X \ I ; I ∈ I}.
Suppose now that X is a T1 space without isolated points and denote by Nwd the ideal of nowhere dense subsets
of X. Let us show that X ×XNwd is not weakly Whyburn.
To this aim, consider the set Δ = {〈x, x〉; x ∈ X}. It is easy to see that
Δ = Δ∪ (X × {∞}).
If Z ⊂ X is such that for ΔZ = (Z × Z) ∩ Δ, ΔZ \ Δ = ∅, then Z must be dense in some nonempty open subset O
of X. Since O is infinite and for any x ∈ O we have 〈x,∞〉 ∈ ΔZ , we have just proved that ΔZ \Δ is infinite, hence
X ×XNwd is not weakly Whyburn.
The first easy application is
Theorem 1. For a space X the following are equivalent.
(i) X is scattered.
(ii) For every space Y with the only non-isolated point, the product X × Y is (hereditarily) weakly Whyburn.
(iii) For every scattered space Y the product X × Y is (hereditarily) weakly Whyburn.
Proof. (i) ⇒ (iii). Product of a pair of scattered spaces is scattered, hence it is weakly Whyburn by virtue of [11,
Theorem 2.7].
(ii) ⇒ (i). Suppose X is a non-scattered space. Fix a nonempty closed dense-in-itself subset A ⊂ X and consider
the subspace topology on A. By the General Construction, A×Y , where Y = ANwd , is a closed non-weakly Whyburn
subspace of X × Y , hence the latter is neither weakly Whyburn.
(iii) ⇒ (ii) as well as the “hereditary” version is now obvious. 
The following proof modifies a method used in [8]. Recall that
d = min{|D|: D ⊂ ωω & (∀f ∈ ωω)(∃d ∈ D)(∀n ∈ ω) d(n) > f (n)}
and
cofK= min{|K|: K consists of meager subsets of R & (∀M ⊂R)(M meager ⇒ (∃K ∈ K) M ⊂ K)}.
It is well known that ω1  d cofK c and these cardinals can consistently differ (see, e.g., [2]).
Proposition 2. If X is a countable Hausdorff space, w(X) < d, then X is Whyburn.
Proof. Suppose X is such, A ⊂ X, x ∈ A \A. Let B be an open base at x, |B| < d. If there is a neighborhood O of x
such that for every neighborhood U of x, A ∩ O \ U is finite, then C = A ∩ O forms a sequence converging to x,
hence C \ A = {x}. Otherwise fix a decreasing sequence of open neighborhoods On of x such that ⋂n∈ω On = {x}.
We can assume that for every n, Cn = (On \On+1)∩A is infinite.
Identify each Cn with {n}×ω and notice that every B ∈ B intersects infinitely many sets Cn. Hence partial functions
fB : dom(fB) → ω with infinite domain dom(fB) ⊂ ω can be chosen so that 〈n,fB(n)〉 ∈ On ∩ B for every n ∈
dom(fB). Since |B| < d there is a function g :ω → ω such that
(∀B ∈ B)(∃n ∈ dom(fB))g(n) > fB(n)
(see [4, Theorem 3.6]).
Now, C = {〈n, k〉: k  g(n)} is a subset of A, x ∈ C and for every n, C \ On is finite. Thus x is the only cluster
point of C. 
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point n with 〈ω,n〉 for each n ∈ ω (see also [5, Example 1.6.19]), is a countable regular weakly Whyburn space which
is not Whyburn. Its weight equals d.
Corollary. d = min{w(X); X is a countable not Whyburn space}.
Example 1. The General Construction can be applied to find a countable regular space of weight cofK, which is not
weakly Whyburn. Indeed, the space X =Q×QNwd , where Q is the set of rationals, satisfies w(X) = cofK, since Q
is second countable and cofNwd = cofK here [6].
Question. Is there a combinatorial characterization of
min
{
w(X); X is a countable not weakly Whyburn space}?
Next application leads to a partial solution (under CH) of [9, Problems 3.5 and 3.6]. The same answer has been
obtained independently by Bella, Costantini and Spadaro [3]—in the paper they present a subtler analysis of (weakly)
Whyburn property of P -spaces. Recall that P -spaces are those in which every Gδ subset is open.
First note that the “comb” space built of convergent sequences of length ω1 (i.e., of copies of the one-point Lin-
delöfication of discrete space of cardinality ℵ1) is a non-Whyburn regular P -space of cardinality ℵ1.
Example 2. There is a regular P -space of cardinality c which is not weakly Whyburn.
Let X be a Baire P -space without isolated points.
Claim. The Σ -product X ⊂ 2ω1 endowed with the countable box-product topology is such.
Proof. We have
X = {Φ :ω1 → 2: Φ−1(1) is countable},
where basic open sets are all the sets of the form [ϕ] = {Φ ∈ X: ϕ ⊂ Φ}, with ϕ :α → 2 for some α < ω1.
It is easy to see that X is a zero-dimensional P -space. Moreover, for X the Baire Category Theorem holds. Indeed,
suppose for some α < ω1 and ϕ :α → 2, [ϕ] =⋃n∈ω Rn, with Rn nowhere dense in X and Rn ⊂ Rn+1 for each n.
Find, inductively, αn < ω1 and ϕn :αn → 2 such that [ϕn] ∩ Rn = ∅, α < αn < αn+1 and ϕ ⊂ ϕn ⊂ ϕn+1 for every n.
Then for ψ =⋃n∈ω ϕn, ∅ = [ψ] ⊂ [ϕ] and [ψ] does not meet any Rn—a contradiction. 
Put Y = XM, where M stands for the ideal of meager subsets of X. Notice that M = Nwd here.
The required space will be Z = X × Y . As a product of two zero-dimensional P -spaces, it is a zero-dimensional
P -space. According to the General Construction, Z is not weakly Whyburn.
2. CpCp(X)
Throughout the rest of the paper, all spaces will be Tychonoff. For a space X, the space Cp(X) of continuous
functions on X with the topology of pointwise convergence will be considered. We shall answer in the affirmative
a question by Tkachuk and Yaschenko [11, Problem 4.3].
Theorem 3. CpCp(X) is Whyburn, if and only if X is finite.
The “if” part is well known and easy to prove. If X is finite, then CpCp(X) is homeomorphic to Cp(Rk) for
k = |X|. The space Rk is σ -compact, hence Cp(X) has countable fan-tightness, i.e., whenever f ∈⋂n∈ω An then
there are finite sets Bn ⊂ An such that f ∈⋃n∈ω Bn (see [1]). Further, Rk is separable, so every point of Cp(Rk)
is Gδ . For A ⊂ Cp(Rk) and f ∈ A \ A choose a decreasing sequence {Un: n ∈ ω} of open neighborhoods of f with
{f } =⋂n∈ω Un. Put An = A∩Un and pick finite sets Bn ⊂ An such that f ∈⋃n∈ω Bn. The set B =⋃n∈ω Bn clearly
satisfies B \A = {f }.
2214 E. Murtinová / Topology and its Applications 155 (2008) 2211–2215For the very particular case of paracompact (i.e. Lindelöf) Cp(X), the “only if” result follows from [11, The-
orem 3.4]: If X is paracompact and Cp(X) is a Whyburn space, then X is a Hurewicz space. Further, Cp(X) is
Hurewicz if and only if X is finite [1, Theorem II.2.10]. Proof of the latter equivalence is based on the fact that the
non-Hurewicz space of irrational numbers embeds to Cp(X) for X infinite. We shall follow the same idea, but will
not need its full strength.
The proof splits into two cases; let us give the first one in a more general form. For r ∈R, let cr denote the element
of CpCp(X) which is identically r on Cp(X).
Proposition 4. Let X be a non-pseudocompact space. Then CpCp(X) is not Whyburn.
Proof. Suppose X is not pseudocompact and enumerate a countable infinite set S = {xn: n ∈N} ⊂ X such that every
mapping S →R can be extended to a continuous function X →R. For every m, n ∈N put
Fm,n =
{
ϕ ∈ Cp(X): (∀i  n) ϕ(xi)m
}
,
Hm,n =
{
ϕ ∈ Cp(X): (∃i  n) ϕ(xi)m+ 1
}
.
As all Fm,n and Hm,n are zero-sets, it is easy to find Φm,n ∈ CpCp(X) such that
Φm,n  Fm,n = 1
n
and Φm,n Hm,n = 1.
Since for any n, the sets Fm,n, m ∈ N, increase and cover X, c 1
n
is a pointwise limit of Φm,n. Further, of course,
c 1
n
→ c0.
Assume, now, that A ⊂ {Φm,n: m,n ∈ N}, c0 ∈ A. We shall show that there is n such that A ∩ {Φm,n: m ∈ N} is
infinite, hence c 1
n
∈ A.
Suppose this is not true and fix for each n an mn such that
(∀m>mn) Φm,n /∈ A.
Let ϕ ∈ Cp(X) be such that for every n, ϕ(xn) = mn+1. Hence (∀n) (∀mmn) ϕ ∈ Hm,n, consequently if Φm,n ∈ A,
then Φm,n(ϕ) = 1. In particular, c0 /∈ A—a contradiction. 
Proof of Theorem 3. Let X be an infinite Tychonoff space. If X is discrete, then it is not pseudocompact and Propo-
sition 4 applies. Otherwise fix a non-isolated point x ∈ X and an open base B at x. Again, it consists in separation of
zero sets, to assign to every y ∈ X \ {x} and n ∈N a function Φy,n ∈ CpCp(X) such that
Φy,n(ϕ) = 1 if
(
ϕ(y) 1
n
& ϕ(x) 1
n+ 3
)
and
Φy,n(ϕ) = 1
n
if
(
ϕ(y) 1
n+ 1 ∨ ϕ(x)
1
n+ 2
)
.
Claim 1. For every n ∈N, c 1
n
∈ {Φy,n: y ∈ Y }.
Proof. Fix n and choose ϕ1, . . . , ϕk ∈ Cp(X). We will find B ∈ B such that (∀i  k) (∀y ∈ B \ {x}) Φy,n(ϕi) = 1n .
If ϕi(x) 1n+2 , take arbitrary Bi ∈ B. Otherwise let Bi be such that ϕi < 1n+2 on Bi . Now, any B ⊂
⋂k
i=1 Bi is as
required. 
Let A ⊂ {Φy,n: y ∈ X \ {x}, n ∈N}, {c0} = A \A. In particular, the following holds.
Claim 2. (∀n ∈N) (∃Bn ∈ B) (∀y ∈ Bn \ {x}) Φy,n /∈ A.
Proof. Fix n ∈ N. The claim follows from the fact that c 1
n
/∈ A. Indeed, find ϕ1, . . . , ϕk ∈ Cp(X) such that Φy,n ∈
A ⇒ (∃i  k) Φy,n(ϕi) = 1n with k ∈ N the smallest possible. From the latter it follows that (∀i  k) ϕi(x) < 1n+2 .
Let Bn ∈ B be such that (∀i  k) ϕi  Bn < 1 . n+2
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x and functions ψn ∈ Cp(X) such that
(1) On ⊂ Bn,
(2) ψn(x) = 0,
(3) ψn+1 = ψn on X \On,
(4) ψn On ⊂ [0, 1n ],
(5) ψn X \On ⊂ [ 1n ,1].
Put O1 = B1 and let ψ1 :X → [0,1] be a continuous function which is 1 on X \ O1 and vanishes at x. Suppose
we have defined ψn. Let On+1 ⊂ On ∩ Bn+1 be such that ψn  On+1 ⊂ [0, 1n+1 ) and pick a continuous function
ξ :X → [0, 1
n+1 ] which is 1n+1 outside On+1 and ξ(x) = 0. Then put ψn+1 = max{ψn, ξ}. From (3) and (4) it follows
that ψn’s converge uniformly. Denote the limit by ψ . Hence ψ ∈ Cp(X), ψ(x) = 0 and, due to (1), Claim 2 and (5),
Φy,n(ψ) = 1 whenever Φy,n ∈ A. It witnesses that c0 /∈ A—a contradiction. 
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